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1. Introduction

We consider the system of hyperbolic equations with mixed
derivatives

Uy = A(X, t)Uy + B(x, ue +C(x, t)u + f(x,t), (1)

in a strip 2* = [0, w] x (—o0, 00). Here uy(x,t) = % ur(x, t) =
2
%, uxe (X, t) = %-
In recent years, various classes of hyperbolic evolution equa-
tions and singular problems for them have been extensively stud-

ied. It is associated primarily with their numerous applications in

* Corresponding author at: International Information Technology University, 34/1,
Manas Str., 050040, Almaty, Kazakhstan.

E-mail addresses: assanova@math.kz (A.T. Assanova), r.uteshova@edu.iitu.kz (R.E.
Uteshova).

T This research is funded by the Science Committee of the Ministry of Education
and Science of the Republic of Kazakhstan (Grant No. AP08855726). The authors
(with other colleagues) have received funding from the European Union’s Horizon
2020 research and innovation programme under the Marie Sklodowska-Curie grant
agreement No 873071.

https://doi.org/10.1016/j.chaos.2020.110517
0960-0779/© 2020 Elsevier Ltd. All rights reserved.

physics, biology, chemistry, etc. Evolution equations arise in math-
ematical modeling of various processes and phenomena in natu-
ral science, acoustics, and neural networks [1,4-8,21-23,27-30]. A
number of significant results have been obtained for a wide class
of evolution equations; see [5,23,29,30] and references therein.
However, there has been little investigation of bounded solutions
to systems of hyperbolic equations with mixed derivative (1). In
[24-26], bounded in a strip solutions to systems of hyperbolic
equations were studied in the case of diagonal dominance in the
matrix A(x, t); necessary conditions for their existence and neces-
sary and sufficient conditions for their uniqueness were obtained.

We will use the following notation:

C.(2*,R™) is the space of bounded functions u : Q* — R" that
are continuous with respect to t and uniformly continuous in x

with respect to t, with the norm |u|l, = sup |u(x. t)|;
(x,t)eQ*

C.(R,R") is the space of bounded functions ¥ : R — R" with
the norm ||| zsuﬂgllw(t)H.
te

Suppose the columns of the matrices A(x, t), B(x, t), C(x,t), and
the vector-function f(x,t) belong to C.(2*, R™). We are interested
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in the solutions to system (1) that satisfy the conditions
u(0,t) =¥ (t), Uy (x,t) € C,(2*, R"), (2)

where ¥ (t) € C,(R,R") is a continuously differentiable function
with ¥ (t) € G, (R, R").

A classical solution to problem (1), (2) is a function u(x, t) that
has continuous partial derivatives uy(x, t), us(x,t), and uy (x,t) in
Q* and, for all (x,t) e Q*, satisfies system (1) and additional con-
ditions (2).

It follows from (2) and the boundedness of ¥ (t) on R that
u(x,t) € C,(2*,R"). Since v (t) is bounded on R, from (1) we de-
duce that u; (x,t) and uy (x, t) belong to C,(2*, R") as well.

In [2], problem (1), (2) was studied by the parametrization
method [18]. Sufficient conditions for the unique solvability of
the problem were obtained in terms of a two-sided infinite ma-
trix Q, (x) constructed via A(x,t). It was shown that the main
condition for the unique solvability is the bounded invertibility
of Q,x(x). The properties of bounded solutions to problem (1),
(2) were established and approximating boundary value problems
in a finite region were constructed. In [3], the results obtained in
[2] were applied to finding bounded periodic solutions to system
(1).

Of particular interest are singular boundary value problems for
evolution equations with coefficients or right-hand sides tending
to zero as time variable approaches infinity. One of such problems
is the problem of finding a bounded solution to a nonhomoge-
neous linear system of ordinary differential equations whose ma-
trix tends to zero as t — Foo. It is known that in this case the cor-
responding homogeneous system does not admit an exponential
dichotomy, i.e. not for every continuous and bounded right-hand
side the nonhomogeneous system has a solution bounded on the
whole real line [10]. The same issue occurs for singular boundary
value problems for hyperbolic evolution Eq. (1) in the case when
A(x, t) approaches zero as t — Foo.

Suppose that the matrix A(x,t)

t eR,

satisfies the condition

n
JAx, t) | smjax > lajx. t)] < a(t), where «(t) is a continuous

k=1
and positive on R function such that

0 00
/ a(t)dt = oo, / a(t)dt = oo; (3)
—00 0

tlim a(t) =0, tliIP a(t) =0. (4)
It is known that under assumptions (3), (4) problem (1), (2) has
a classical solution not for all f(x,t) e C,(2*,R"). The following
example illustrates this statement.
Example. Let us consider the following problem

2t
Uy = 1+7t2ux + f(x,t), (x,t) € QF, (5)
u(0,t) =0, teR, uy(x,t) € C,(2*, R"). (6)
20t] +1

Obviously, the function «(t) =

2 satisfies (3), (4).

For f(x,t) =0, the set of solutions to (5) is u(x,t) =(1+
tz)fC(S)dE, where C(x) is a continuous on [0, w] function. The
onlg classical solution to problem (5), (6) in this set is u(x,t) = 0.

If f(x,t) =1, then u(x,t) = (1 + tz)zC(S)cIé + (1 +t2)xarctgt.

None of these functions is a classical solution to problem (5), (6).

The question now arises: is it possible to solve the problem of
finding a classical solution to problem (1), (2) under assumptions
(3), (4), if we place some additional requirements on the input data
of problem?
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In this paper, we study the existence and uniqueness of a classi-
cal solution to problem (1), (2) subject to some extra assumptions
regarding the coefficients B(x,t) and C(x,t), the right-hand side
f(x,t), and the derivative of the boundary function ¥ (t).

To this end, we introduce the following spaces of functions con-
tinuous and bounded with a weight on Q* and R (a weight func-
tion is chosen so that the behavior of A(x, t) as t — Foo is taken
into account):

Ci1/a (2%, R™) is the space of functions f:Q* — R" that are
bounded with the weight 1/« (t), continuous in t € R for x € [0, w],
and uniformly continuous in x € [0, w] for t € R, with the norm

Iflle = sup lIfx.6)/a(®ll;
(x,t)eQ*

Ci1/a (R,R™) is the space of bounded with the weight 1/c(t)
functions ¥ : R — R" with the norm ||V || = sup||¥ (t)/a(t)].
teR

Under assumptions (3),(4), we pose singular boundary value
problem (1), (2): find a classical solution to problem (1),(2) if
the columns of the matrix C(x,t) and function f(x,t) belong to
C.o1/o (2. R") and ¥/ (£) € C,.1/q (R, R").

The rest of the paper is organized as follows. In Section 2 prob-
lem (1), (2) is reduced to an equivalent problem consisting of sin-
gular boundary value problems for a family of first order ordinary
differential equations and integral relations. This problem can be
interpreted as the problem of finding a bounded in a strip solu-
tion to a family of systems of ordinary differential equations with
two unknown functions that are connected with the desired solu-
tion and its derivative via some integral relations. This requires a
separate study.

Section 3 is therefore devoted to the problem of finding a
bounded in a strip solution to a family of systems of ordinary dif-
ferential equations with the matrix tending to zero as t — oo and
the right-hand side bounded with a weight. The strip Q* is parti-
tioned taking into account the behavior of a function that is an up-
per bound of ||A(x,t)||. The problem in question is thereby trans-
formed into an equivalent problem with parameters that are equal
to the values of the solution at the partition points. Since the so-
lution to original problem is bounded, the sequence of parameters
is required to be bounded as well. We have obtained conditions
for the unique solvability of the problem in terms of a two-sided
infinite block band matrix that is composed of sums of iterated in-
tegrals of A(x, t) over the partition subintervals.

In Section 4, based on the results of the previous section, we
have established conditions for the existence of a unique solution
to singular boundary value problem (1), (2).

2. Reduction problem (1), (2) to a boundary value problem for
a family of ordinary differential equations and integral
relations

By introducing new unknown functions v(x,t) = ux(x,t) and
w(x,t) =u;(x,t), problem (1), (2) is reduced to an equivalent
problem

v =AX OV+Fx t,wx, t),ux,t)),vxt) e C.(Q*R"), (21)

U t) = I/f(t>+f0 V(E. O)dE

W t) = () +/0th<§,r>ds,

where (x,t) € Q*, F=B(x,t)w(x,t) +C(x, t)u(x,t) + f(x,t). The
condition u(0,t) = ¥ (t) is taken into account in relations (2.2).

A triple of functions {v(x,t),u(x,t), w(x,t)} continuous on *
is called a solution to problem (2.1), (2.2) if the function v(x,t) €
C.(2*,R") is continuously differentiable with respect to t in Q*

(2.2)
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and satisfies the one-parameter family of systems of ordinary dif-
ferential Eq. (2.1), and the functions u(x,t) and w(x,t) are con-
nected with v(x,t) and v;(x,t) by the integral relations (2.2).

Problems (1), (2) and (2.1), (2.2) are equivalent in the following
sense. Let u(x,t) be a classical solution to problem (1), (2). Then,
if we compose the triple of functions {v(x,t), u(x,t), w(x,t)} with
v(x, t) = ux(x,t) and w(x,t) = us(x,t), we have

u(x.0) =u<o,t>+/0xug<s,r>ds _ I/f<r>+foxv<s,r>ds,

W £) = (e, ) = 1 (0, £) + /0 s (6. 0dE = up(0,0)

+ [0 g, (6. 0)dE = /() +[0 v (€. O)dE,

Vr = Uy = A(X, t)uy + B(x, )uy + C(x, t)u + f(x, t)
=AM, t)v+F(x, t,w(x, t),u(x,t)),

v(x, t) = uy(x,t) e C,(Q2*, R").

Hence the triple composed is a solution to problem (2.1), (2.2).
Conversely, if a function triple {v(x,t),u(x,t), w(x,t)} is a so-
lution to problem (2.1), (2.2), then it follows from (2.2) that
u(x,t) satisfies the condition u(0,t) = ¥ (t) and has continuous
partial derivatives ux(x,t) =v(x,t) € C.(2*,R"), u;(x,t) = w(t) +

7’%(2}, t)dé =w(x, t), ux(x,t) =ve(x, t), ux(x, t) = vr(x,t). Substi-
0

tuting them into the right-hand side of (2.1) we get u(x,t) satis-
fies (1) for all (x,t) e Q*. Since this function also satisfies (2), we
conclude that u(x, t) is a classical solution to problem (1), (2).

For fixed u(x,t), w(x,t) in problem (2.1), (2.2), we need to
find a solution to the one-parameter family of ordinary differen-
tial equations that belongs to C,(2*, R"). Therefore, in conjunction
with problem (2.1), (2.2), we study the following problem.

In Q*, we consider the family of ordinary differential equations
Ve =AX, )V +F(x,t),

v(x,t) € C.(Q*R"), (2.3)

under assumption that the columns of the matrix A(x,t) and the
vector-function F(x,t) belong to C,(2*, R").

The problem of finding a function v(x, t) € C,(2*,R") that sat-
isfies (2.3) for all (x,t) € 2* will be referred as Problem 1.

Problem 1 was studied in [13,14] by the parametrization
method with uniform partitioning. Necessary and sufficient con-
ditions for the unique solvability were obtained in terms of a two-
sided infinite block band matrix that is constructed via integrals of
A(x,t) over intervals of length h > 0. In [15,16], based on the equiv-
alence of Problem 1 and problem (1), (2), a coefficient criterion for
the well-posedness of the latter problem was established.

For fixed x € [0, w] Problem 1 becomes the problem of finding
a solution to the system of ordinary differential equations, that
is bounded on the whole real line. This problem was studied in
[9-12]; in particular, the questions of solvability, exponential di-
chotomy of the system, as well as approximation by solutions of
boundary value problems on finite intervals were considered. A
number of fundamental results were obtained on the basis of the
parametrization method.

The parametrization method was originally developed to study
regular two-point boundary value problems; in [18] necessary and
sufficient conditions for their unique solvability were established.
It was shown that one of the main conditions is the invertibility of
a matrix Q, (h), composed of the matrices of boundary conditions
and the system of differential equations for some v(v=1,2,...)
and h > 0. In [9], the parametrization method was applied to the
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problem of finding a bounded on R solution to a linear ordinary
differential equation. Necessary and sufficient conditions for the
well-posedness of singular boundary value problems were estab-
lished in terms of a two-sided infinite block band matrix Q, .
whose entries are composed through the sums of iterated inte-
grals of the matrix of the equation over the partition intervals.
The formulation of conditions for the well-posedness of regular
and singular boundary value problems in unified terms of matrices
Qy(h) and Q,, j,, respectively, made it possible to solve the problem
of approximation a singular problem by two-point boundary value
problems on a finite interval. The results obtained were extended
to families of systems of ordinary differential equations [17] and
nonlinear problems [19].

Similarly to the above-mentioned problems, under assumptions
(3), (4) Problem 1 admits a bounded in Q* solution not for every
F(x,t) € C.(2*,R"). Indeed, let us consider the following problem
that is analogous to problem (5), (6):

2t
T 14t2

If F(x,t) =0 then the set of all solutions to the differential
equation is of the form v(x, t) = C(x)(1 + t2), where C(x) is a func-
tion continuous on [0, w]. In this set, v(x, t) = 0 is the only solution
bounded in Q*.

But, if we take F(x,t) = 1, the set of all solutions of the equa-
tion is of the form v(x,t) = (1+t2)(C(x) + arctgt). None of this
solutions are bounded in Q2*.

The same question arises as to whether it is possible to solve
the problem of finding a bounded in ©* solution to Eq. (2.3) un-
der certain requirements to the right-hand side F(x, t). In the next
section we study the singular boundary value problem assuming
that F(x,t) € C, 1o (2, R").

Ve v+ F(x,t), v(x, t) e C. (2%, R™).

3. Singular boundary value problems for a family of systems of
ordinary differential equations

In Q*, consider the family of systems of differential equations

Ve =AX, t)v+F(x,t), (3.1)

where the columns of A(x,t) and F(x,t) belong to the space
C.(2*,R™). We assume ||A(x,t)|| < a(t), where o (t) > 0 is a func-
tion continuous on R and satisfying conditions (3), (4).

The problem of finding a bounded in * solution to (3.1), when
F(x,t) € C, 1,4 (82*,R"), will be referred to as Problem 1.

The problem of finding a solution to a system of ordinary dif-
ferential equations, that is bounded with a weight on the whole
real line, was studied in [20,31-33] by the parametrization method
with nonuniform partitioning. Necessary and sufficient conditions
were obtained for the well-posedness of the problem of finding a
bounded on R solution to a linear ordinary differential equation
with the matrix tending to zero as t — Foo and the right-hand
side bounded with a weight. Regular two-point boundary value
problems were constructed, that enable one to find an approximate
solution to the singular problem to within a given accuracy. The
mutual relationship between the solvability of the singular prob-
lem and that of approximating regular problems was established.

We now proceed to the study of Problem 1, using the
parametrization method with a nonuniform partition of the strip
Q.

We choose a number 6 >0 and make the partition Q* =

o0
U [0, w] x [ts_1,ts), where the points t; € R, s € Z, are defined
S=—00
S

t.
as follows: tp =0, [ o(t)dt=20.
t

s—1
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Let 5(9) denote the two-sided infinite sequence of the lengths of the partition subintervals hs=t; —t;_1, s€Z, ie, E(Q):
(., hs(9), hsy1(0),..) .

We introduce the following notation:

mp is the space of bounded two-sided infinite sequences A = (..., As, Agq,...)" of vectors As € R", s Z, with the norm ||A|m, =
sgpllksll;

mn(ﬁ(G)) is the space of bounded two-sided infinite sequences v[t] = (..., Us(t), V5,1 (t), ...)" of continuous functions vs : [t;_q,ts) — R,
s € Z, with the norm ”U[’]”mn(ﬁ(e)) =sup sup |lvs(H)]|];
S telts_q.ts)
C([0, w], my) is the space of two-sided infinite sequences of continuous on [0, w] functions A(x) = (..., As(X), Ag;1(x),...)" with the
norm |||l =Xr€r[1(§lz<)]ll)»(?<)llmn;

C([0, w], mn(ﬁ(e))) is the space of continuous mappings v : [0, w] — mjy (ﬁ(@)),
VO] = o 506 0). Vs (6 0).....)', with the norm [[V]lz = max [V, [-Dlly, o))’

L(X) is the space of bounded linear operators Z : X — X with the induced norm, where X is a Banach space.

Let vs(x,t) be the restriction of the function v(x, t) € C,(2*, R") onto the subregion Qs = [0, ®]| x [ts_1.t5), S € Z; i.e, Vs(X,t) = v(X, t)
for (t,x) € ;. On each Qs, s € Z, we make the substitution Us(x,t) = vs(x,t) — As(x), where As(x) = vs(x, t;_1). The Problem 1, is then
transformed into the equivalent family of multipoint boundary value problems with parameters

% =AXD[Vs + A ()] +F(x. 1), (x. 1) € Q. (3.2)
Us(x,ts_1) =0, xel[0,w], sez, (3.3)
tlitrrloﬁs(x, t) + As(X) = Asy1(X),x € [0, w], s € Z, (3.4)
(L), (. [t])) € C([0, @], my) x C([0. @], my (h(9))). (3.5)

Problem (3.2)-(3.5) and Problem 1, are equivalent in the following sense. If a pair (A*(x), 7*(x, [t])) is a solution to problem (3.2)-(3.5),
then the function v*(x,t), defined as

VX, ) = A5 (X) + VE (X, 0), (x,t) € Qs, S € Z,

belongs to C,(2*, R") and satisfies (3.1) for all (x,t) € Q*, i.e. v*(x,t) is a solution to Problem 1. Furthermore, if we assume F(x,t)
Ci1/a (2%, R"), then v*(x, t) is a solution to Problem 14. Vice versa, if v(x,t) is a solution to Problem 14, i.e. it is a solution to Problem 1
when F(x,t) € C, 1,4 (€2*, R"), then the pair (A(x),T(x,[t])), where

A = (o vs(X b)), Vs (X, 85), ..,

V) = (oo vs(x,8) — Us(X, 1), Ve (X, ) — Usq (X, t5),...),

satisfies the family of differential equations (3.2), initial conditions (3.3), continuity conditions at the partition points (3.4), and bounded-
ness condition (3.5).

For fixed values of the parameter As(x), the family of Cauchy problems (3.2), (3.3) has a unique solution Vs(x, t) satisfying the family
of integral equations

¢ ¢
Ds(x,t) = / A, T)[Us(x, T) + As(x)]dT +/ fx,v)dT, (x,t) € Q45,5 € Z. (3.6)
ts 1 ts 1
Replacing vs(x, T) by the corresponding right-hand side of the Eq. (3.6) and repeating this procedure v(v =1,2,...) times, we get
Us(x,t) = Dys(hs(0), X)As(x) + F, s(hs(8), %) + Gy s(V, hs(8), %), (3.7)
where

ts ts T
Dys(hs(@).%) = [ A(x.T)d7; + / At [ A T2)drdo+
tsq

2] [

ts Ty
+...+ A(x,n).../ 1/‘\(x,'cv)clru...drl,

b5 [

ts ts T
Fos(hs(0).%) = [ Fx.Ty)d; + / At [ Fx m)dudn + ...+
ts 1

1 [

ts Ty-2 Ty-1
+ A(x, 1:1).../ AX, Ty_1) F(x, t,)dt,dt,_1...d1q,
-1

b1 tsq

ts Ty
Gys(D, hs(0), %) =/ A(x, r1).../ A(x, Ty)us(Ty)dTy ... dT1.
s 1 s 1
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From (3.4), substituting . litmois(x, t), s € Z, by their expressions derived from (3.7), we get the two-sided system of functional equa-
tions in parameters Ag(x):
[+ Dys(hs(0), X)|As(X) — As11(x) = —F 5 (hs(0),X) — Gy s (D, hs(0), %), x € [0, ], s € Z, (3.8)

where I is the identity matrix of order n. ~
Let Q,(h(0),x) denote the block band matrix corresponding to the left-hand side of system (3.8). In each row of Q,(h(#),x),
the only nonzero elements are [+ D, s(hs(0),x) and —I. Therefore, for all x € [0, w], this matrix maps the space m, into itself, and

~ Ly} ~
Qv (h (), )| (my) <2+ Z f—' Since the columns of the matrix A(x,t) belong to C,(2*, R"), the matrix Q, (h(0), x) is continuous with
j=1"
respect to x € [0, w] in the norm of L(my) and Q, (h(9), x) € L(C([0, w], my)) for all v e N.
We rewrite system (3.8) in the form
Q (h(0). X)L (x) = —F, (h(0).x) — G (7. h(6). ). L(x) € C([0, @], my), (3.9)

where

Fo(h(6),%) = (..., Fos(hs(0),X), Fy 501 (hs1(9), %), ...),

Gy (. h(0).%) = (... Gys (U hs(0).X). Gysi1 (U, hsi1 (). %))

It follows from the inequalities
v

gi
||Fos (hs(8). 2)|| < Zj—!IIFI

- 0V .
o NGu@ hs(@). 0l < I (D2, s € Z,
j=1 '

that F, (h(0),x) and G, (¥, h(6), x) belong to C([0, ], myn) for all & > 0 and T(x, [t]) € C([0, w], mn(R(O))).
The solution to multipoint boundary value problem (3.2)-(3.5), the pair (A*(x),7*(x, [t])), can be found as the limit of the sequence
(A® (x), 7% (x, [t])), which is defined by the following algorithm.

Step 0. Assuming that for some chosen 6 > 0 and v € N the operator Q, (E(Q), x) : C([0, w], my) — C(|0, w], my) is boundedly invertible,
we determine an initial approximation of the functional parameter 1© (x) e C([0, w]. m;) from the equation

Q (1), 1) = =F, (A(6),%).
Then, solving the Cauchy problems (3.2), (3.3) on s, s € Z, for Ag(x) = A§0) (), we find 7O (x, [t]) € C([0, w], ma(7(0))).
Step 1. Substituting 55(0) (x,t), s € Z, into the right-hand side of (3.9), we get the equation
Q (h(0). VA (x) = =F,(h(6). %) = G, @ h(6). ).
from which we find A1) (x) e C([0, w]. my). Solving the families of Cauchy problems (3.2), (3.3) on s, s € Z, for As(x) = AV ), we
get 7D (x, [t]) € C([0, ], ma(h(6))).

And so on.
The following theorem establishes convergence conditions of the algorithm proposed and provides an estimate of the solution to Prob-
lem 1,.

Theorem 1. Let, for some 6 >0 and v(v =1,2,...), the functional matrix Q, (H(Q),x) : mp — my be invertible for all x € [0, w] and the fol-
lowing inequalities hold:

I1Qu (R(B), )] lmyy < Yo (R(O)), i (h) — const; (3.10)

~ ~ Qv
%mw»:%mwnkﬂ4_e_m—gd<y (3.11)
Then Problem 1, has a unique solution v*(x,t) and the estimate

. 'M(h©)) gv 2. gi .
vl < {V”(h(e))[f_qu((ﬁ((;z)v! +Zj:] M(h(Q))}IIFIIa (3.12)

j=1

is valid, where M(h(0)) = 0¢® + (¢? — 1)y, (h(0)) > ?—:
=

Proof. It follows from the assumptions on the coefficients and the right-hand side of system (3.2) that Q, (H(G),x): C([0, w], mp) —
C([0, ], my). From (3.10) we conclude that [Q, (h(8),x)]~! € L(C([0, w], my)). Therefore, there exists a unique A(® (x) e C([0, ], m,), and

v

L@ )11 < v (RO))IF (R(0). %)l < v (R(9)) Y %HFHQ.

=1

For As(x) = A§°> (x), the Cauchy problem (3.2), (3.3) has a unique solution 53(0)()(, t). By applying the Gronwall - Bellman inequality, we
obtain

1587 (x. )|l < 0 |[Fllo + (¢ — 1)1V (%)

[, seZ,
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17O 1l2 < M(R(0))IF |-
Further, according to Algorithm, we find A(!) (x) and obtain the estimate
- . - ov .
1.0 = 2 < v (R@)IG (7. h(6), x) I = 10 (R(8)) M(RE)) IF - (3.13)

Proceeding with the iteration process, we find the sequence of systems of pairs (Agk) (x),T/S(k) x,[t]), sez, k=1,2,.... Using again
the Gronwall-Bellman inequality, we derive the estimate of the difference between the solutions of the Cauchy problems via the difference
between the corresponding parameters:

} a(t)dr
7 (x. t) = v* D (x. 1)]| < (e - 1) MO @) = A& D), . t) e 2, seZ. (3.14)

From (3.9) and (3.14) we obtain the estimate
[AED —ABy < qu (R(O)) AP —2ED]y, k=1,2,..... (3.15)

It follows from condition (3.11) and inequalities (3.13)-(3.15) that the sequence (A% (x),7® (x, [t])) converges to (A*(x), 7*(x,[t])) as
k — oo and the following estimates hold:

[0 (R ®))]
1-q,(h(9))

~ k
[QV (h(@))]
1-q,(h(©®))
Since (A*(x), U*(x, [t])) is a solution to problem (3.2)-(3.5), the function v*(x, t) defined as v*(x,t) = A3 (x) + Vi (x,t), (x.t) € Qs, S€Z,
is a solution to Problem 1, and the estimate (3.12) holds true.
Let us now prove the uniqueness of the solution. Suppose that Problem 1, has two solutions, v*(x,t) and v**(x,t). Then the cor-

responding systems of pairs (A*(x),7*(x, [t])) and (A**(x),V**(x,[t])) are the solutions to the boundary value problem with parameter
(3.2)-(3.5) and

57 =51 = (¢ — 1)1 00 — A= @),

EYCT A 7o (@) - M(EO)) IF L.

7 = 90|, < (e - 1) ¥ (ﬁ(e))%M(ﬁ(é’))llFlla.

I =2l = gu (RO)) 1A =21, qu(h(©)) < 1.
Hence A*(x) = A**(x), U*(x, [t]) = U™ (x, [t]), or v*(x,t) = v**(x,t). Theorem 1 is proved. O

Note that under conditions of Theorem 1 it is not difficult to obtain the following estimate for the derivative of the solution v*(x,t)
with respect to t:

Vi lle < 1v* 1l + IFlla < (M + 1) [IFla. (3.16)

~ ~ Onrci ) i ~
W =y, (R(O))| AL 00 1570, 551+ M(R(D)).
This estimate shows that v} (x. t) € C, 1,4 (*, R") if F(x,t) € C, 1o (2%, R").

Letting v — oo in (3.9) and taking into account

2

e T 0V .
Gy (7, h(0). X) 11 = 75 17 (. [¢])
we get that A*(x) € C([0, w], my,) satisfies the equation
5@ (E©). 0100 = ~E (A ERO). ). (317)

where Q. (h(6). %) = lim Qu(h(®).%). E(A.F.7(®).x) = lim F,(h(®).x).
The existence of a solution to Problem 1, is equivalent to the existence of that to Eq. (3.17). In fact, the solution A(x)=
(coos As(X), Agp1 (%), ...) € C([0, w], mp) to Eq. (3.17) coincides with the values of the solution to Problem 1, at the partition points.

4. Singular boundary value problem for the system of hyperbolic equations

Let us now return to problem (1), (2). The following statement holds true.
Theorem 2. Suppose that the following conditions hold:
(i) A, t)|| < a(t), where a(t) is a continuous and positive on R function satisfying (3) and (4);
(ii) the columns of B(x,t) belong to C,(2*, R™);
i) the columns of C(x,t) and f(x,t) belong to C, 1,4 (2*,R");
)
)

iv) ¥ (t) € G.(R,RM), Y (t) € C 1/ (R, RT);
(v) the conditions of Theorem 1 are met.

(
(
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Then the singular boundary value problem for the system of hyperbolic Eq. (1), (2) has a unique classical solution u*(x,t) € C,(2*, R").
Proof. It follows from conditions (i)-(iv) that
1) B(x.t) = (bjj(x.0)};_;. B-(x t) = (byj(x.£), byj(x.0), ... by(x. 1)), j=1,2,..m,

|1b11. =Jup |Ib;x.0)l| = sup maXIbu(x Ol <Bo. Po>0:

(x.t)eQ+ i=1.n
2) C(x,t) = (cij(x,t))hj:], Ci(x, t) = (c1j(x,£), coj(x. 1), ..., cj(x, 1)), j=1,2, ..,
[1Eille = sup [IC;(x, t)/(®)]| <80, &> 0.
(x,t)eQ2*
Let us consider problem (2.1), (2.2) which is equivalent to problem (1), (2). Under condition (v), taking into account 1), 2) we can

conclude that problem (2.1) has a unique solution v(x,t) € C,(2*, R") whenever F(x,t, w(x,t), u(x,t)) € C, 1,,(£2*,R"). The following esti-
mates are valid for v(x, t) and its derivative:

fu]gllv(x, Ol < Il < MIIFlle < M{Bollwlla + Sollull. + I fll}. (41)

Suﬂgllvt(x, /Ol < lvella < VI + IFlle < [M+1]lIFlle < [M+1]{BollWlla + Sollull + I flla}- (4.2)
te
Hence, from integral relations (2.2) and inequalities (4.1), (4.2) we get

X
sup [[u(x, t)[| < sup [|[¥ ()| +/ sup |[[v(§.0)[|dE <
teR teR 0 (&£,6)eQ

<yl [ { o S0P I 1400 swp w60l + sup 1150 ||}ds, (43)

sup [[w(x, 1) /e (t)|| < sup ||/ (t) /(1) | +/ sup |[|ve(§.t)/a(t)]|d§ <
teR teR 0 (5.0e

. N w(&, t) f@é.0)
< +|M+1 / +4 sup u€, ol + sup dg. (4.4)
19 o+ W1+ 1] {ﬁo sup 1556y 1+ 0 sup u6. 0 ol
Here Q} = [0, x] x (—o0, +0), X € [0, ®].
The Volterra integral inequalities (4.3), (4.4) imply that there exist functions u*(x,t) € C,(2*, R") and w*(x,t) € C, 1,o(£2*, R") for which
the following inequality holds:

max ([|u* .. [wllo) < (1+ [N + 1]o)el™1Eo+300 max (| flla. [1¥[|.. 1 la)- (4.5)
From (4.1), (4.3) and (4.5) we have

V¥l < M- K- max ([ flla- 19 1. 19 lla). K = (Bo + 80) (1 + [M + 1]w)el " 11¢Fo+t0re 4 (4.6)

IV lle < [V +1]- K -max (1L f e 1911, 191l )- (4.7)

A solution to problem (1), (2) can be found by the following algorithm.

By solving problem (2.1) for w(x, t) = 1/}(t) and u(x, t) = ¥ (t), we find v@ (x, t). Then, from the integral relations (2.2), setting v(x, t) =
v© (x,t) and ve(x, t) = v\ (x,t), we determine u(©@ (x, t) and w® (x, t).

If uPD(x,t) and wP-D(x,t) are known, we find vP (x,t), p=1,2,..., as solutions to problem (2.1) with w(x,t) = w®@-D(x, t)
and u(x, t) = uP~D(x,t). Then, from the integral relations (2.2), setting v(x,t) = v® (x,t) and v¢(x,t) = v'” (x,t), we find u® (x,t) and
w® (x,t).

In each step of the algorithm, for fixed w(x, t) and u(x,t), we get problem (3.1). The conditions of Theorem 1 guarantee the existence
of a unique solution to Problem 1, and the fulfilment of estimate (3.12). The unique solvability of problem 1, in turn ensures convergence
of the algorithm. The triple {v*(x, t), u*(x, t), w*(x,t)}, being the limit of the sequence of function triples

(P (x,t), u® (x,t), wP (x,t)} as p— oo, is a solution to Problem (2.1),(2.2). Its uniqueness can be proved by contradiction. Since
problems (2.1), (2.2) and (1), (2) are equivalent, the classical solution u*(x,t) to problem (1), (2) is unique and belongs to the space
C.(2*,R™). Theorem 2 is proved. O

Conclusion

In this paper, we have obtained conditions for the existence of a solution to a boundary value problem for a system of second order
evolution equations of hyperbolic type with matrix A(x,t) tending to zero as t — Foo. The coefficient C(x,t), the right-hand side f(x,t)
of the system, and the derivative 1/}(t) of the boundary function belong to a space of bounded functions with a weight that is chosen
taking into account the behavior of A(x,t) as t — Foo. The problem in question is reduced to an equivalent problem consisting of singular
boundary value problems for a family of systems of first order ordinary differential equations and integral relations. We have established
conditions for the existence of a bounded in a strip solution to a family of systems of ordinary differential equations with the matrix
tending to zero as t — Foo and the right-hand side bounded with a weight. The results and methods of this paper can be extended to
nonlinear evolution equations of hyperbolic type and families of second order nonlinear evolution equations and can be used in the study
of application problems.
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