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@ 2. Order systems: (e.g. Hydro dynamics):
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© Non Hermitian quantum mechanic:

Ty(z) == —y"(2) + 2(iz)y(z), €¢>0, zel.

g‘é "
Q Differental algebraic equations: E, A matrices (or operators)

Ex = Ax, in chip re-design: Perturb E.
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—y" =Xy in L[30,7).
dom T := {f : f,f" € L% f(0) = f(r) = 0}.

Ty :=—y", ycdomT.

Determine o(T).

1l f (m—y)x fO<x<y<m
k(X’y)_w{ (m—x)y if0<y<x<m,

Kf(x) := /07r k(x,y)f(y)dy.

T=K1 Kand T are self adjoint; K compact,

o(K)={n"?:neN}uU{0}.
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fel?:

f(x) = Zb sinnx = — Z(f sinn-);2sinnx  (Fourier series)
nEN nEN

where b, = [ f(t)sin nt dt.
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O Indefinte Sturm-Liouville, easy example
On [—m, 7] set r:==sgn, p=1, g =0,
Ty(x) = (sgnx) (—y"(x))-
dom T := {f : f,f" abs. cont,f,f" € L2 f(—7) = f(r) = 0}.
Approach: Compare
2 ..
T with ctiix’[—mol + Dirichlet i 0 .
0 — - ljo,7] + Dirichlet
Then the difference of the resolvents is 1-dim and we obtain

o(T)=0,(T) CR.



Indefinite Sturm Liouville

Interested in
@ the location of point and essential spectrum
@ eigenvalue asymptotics
@ non-real spectrum

@ accumulation of non-real eigenvalues or of eigenvalues in gaps
of the essential spectrum
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Theorem (Math. Ann."13)
Let r:=sgn, p=1, and g € L*°(R), essinfq < 0,

Ty = sgn( —y" 4+ qy).
Then the non-real spectrum of T is contained in

{neCdist(A (~d,d)) < 5ldllocs TmA] < 2] gl }.

where
d := —5essinfycr q(x) > 0.

Related problems (in other papers):
e g€ LY(R)
° g€ L] (R)
o g€ L} (R) and periodic

@ Replace sgn
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® 2. Order systems:

i = —30uggee — 3ugeee — Ugr- (1)
with
U(O, t) = u(l, t) = u§§(0, t) = U&(l, t) =0. (2)
A:=30%, Dy — 10 "Ay + &y, D(A) = H*0,1) + (2).

Then (1) is equivalent to

=T

—_—
(t) = ~Az(t) - D2(t) & T <i8>:(_°A _’D> ()Z(Eg)
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Theorem (B. Jacob, C. Tretter, CT, H. Vogt, Math. Meth. Appl. Sci.'18)
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Theorem (B. Jacob, C. Tretter, CT, H. Vogt, Math. Meth. Appl. Sci.'18)

o(T) C

( (

72|Re)|
1272 — 8[Re)|’

1271Re)|

3 (3+2)
ReA
‘162‘—1—2\/10|Re)\|,

Proof: With the quadratic numeric range.

ReA <0, [Im)| <

0<|Re)| <10.38

10.38 < |Re)| < 180.81

180.81 < |Re)|
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VOLUME 80, NUMBER 24 PHYSICAL REVIEW LETTERS 15 JUNE 1998

Real Spectra in Non-Hermitian Hamiltonians Having ‘7 Symmetry

Carl M. Bender' and Stefan Boettcher™?

' Department of Physics, Washington University, St. Louis, Missouri 63130
2Center for Nonlinear Studies, Los Alamos National Laboratory, Los Alamos, New Mexico 87545
3CTSPS, Clark Atlanta University, Atlanta, Georgia 30314
(Received 1 December 1997; revised manuscript received 9 April 1998)

The condition of self-adjointness ensures that the eigenvalues of a Hamiltonian are real and
bounded below. Replacing this condition by the weaker condition of P7 symmetry, one obtains
new infinite classes of complex Hamiltonians whose spectra are also real and positive. These PT°
symmetric theories may be viewed as analytic continuations of conventional theories from real to
complex phase space. This paper describes the unusual classical and quantum properties of these
theories.  [S0031-9007(98)06371-6]

The Hamiltonian studied by Bessis is just one example
of a huge and remarkable class of non-Hermitian Hamil-
tonians whose energy levels are real and positive. The
purpose of this Letter is to understand the fundamental
properties of such a theory by examining the class of

quantum-mechanical Hamiltonians
H = p?> + m*>x? — (ix)V (N real). @)
As a function of N and mass m?> we find various phases

with transition points at which entirely real spectra begin
to develop complex eigenvalues. ar <« =
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® Non Hermitian quantum mechanic

Uy) == —y"(z) - (iz)""?y(z), NeN

on a wedge shaped contour z € [ C C + some extra condition.
Appeared in Bender-Bottcher 1998.

Goal:
@ Associate operator to the problem in a [2-setting.

@ Find eigenvalues — as in classical QM (bound states).

Problems:
© Potential is complex valued.
Qr.
© For eigenvalues we need operators. Which? Domains?
@ What is PT symmetric ? How it will help us?
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PT symmetric expressions

Uy) == —y"(2) = (iz)""?y(2), NeN

on a wedge shaped contour z € [ + some extra condition (later).

angle ¢

Let (Pf)(z) = f(—2) parity and  (Tf)(z) = f(z) time reversal.
We have

(PTY(2) = (y(=2)) = " (-)—(-72)

N+-2

y(=2) = PTH(y(2))

hence (formally)

(PT =PTYL
and / is called PT symmetric.
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DAE and transfer function

(Es—A)v=0b
Cramer's Rule (for the first variable)
Di b
1T det(Es— A)

How to change the modulus of the transfer function H on jR

Db
~ det (Ejw — A)

through a new capacitance c?

with



Network redesign (Sommer, KrauBe and others)

m Method: Add step-by-step capacitances to the network
between the nodes i and j, described by the pencil
sci(ei — &) (ei — )7, ¢j > 0.

m New matrix pencil: s(E + cj(e; — ¢)(e; —¢)7) — A

Re




Thank you.
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