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Abstract: In the present work we define generic fractional differential operators on Lie groups and their
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type derivatives in time.

Keywords: time-fractional diffusion equation, the Kilbas—Saigo function, Cauchy—Dirichlet problem, Cauchy—
Neumann problem, Cauchy problem.

MSC 2020: 35R11, 35A02

1 Introduction

Fractional calculus finds extensive applications in fields such as mathematical modeling, mechanics, physics,
ete. (see [1, 3, 15, 23]). A considerable number of researchers have studied equations with different forms of
fractional derivatives [19]. In recent years, there has been growing interest in studying linear and non-linear
diffusion equations especially with Hadamard fractional derivatives, which were first defined in [14] (see,
e.g., [19, 22, 25]). The solvability of degenerate diffusion equations with the time-fractional Caputo and
Riemann—Liouville derivatives were investigated in [26, 28]. In [27], degenerate diffusion equations with the
Hadamard fractional derivative are considered, the existence and uniqueness of solutions is proved, and
behavior of weak solutions under specific initial and boundary conditions is investigated.

Fractional differential operators represent pseudodifferential (convolution) operators of fractional order.
In Section 2 of the present paper, we define fractional differential operators (including Hadamard’s fractional
derivatives) on Lie groups. We study properties of these generic fractional derivatives and indicate criteria
for the unique solvability of equations with fractional derivatives and constant coefficients. Moreover, we
investigate equations with fractional derivatives and constant coefficients restricted to submonoids, where the
theory of equations becomes much richer (e.g., Wiener—Hopf equations on the half-axes versus convolution
equations on the axes). Criteria for Fredholm property, solvability and index theory are exposed (for more
details see [6-9]).

In Section 3, we define and study the modified Hadamard type fractional derivatives ® 4+ on the Lie
group {R™", x} and the Hadamard type fractional derivatives © 4 on the Lie group {Z = (—1,1),0}. It is
worth mentioning that in Lemma 3.2 the fundamental solutions to the Hadamard fractional differential
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operators are exposed
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In Section 4, we solve six different Cauchy initial boundary value problems for degenerate and non-

kZO(t) = 01(t)

k() = 0(1,00) (1) teR*.

degenerate diffusion equations of the following types:
@j‘_ qut,r) — Mt — a)YAzu(t,z) = 0 on the domain R x RV R := (a,0);
D% ju(t,z) — (log ) Agu(t,z) = 0 on the domain R} x §;

D¢ qu(t,z) — At —a)?Azu(t,x) = 0 on the set (a,b] x RV,

D¢ qu(t,z) — At —a)YAzu(t,r) = 0 on the domain (a, b] x ;

D¢ ult, ) — AMAgu(t,z) = f(t,) on the set (a,b] x RV,

D¢ ult,r) — AMAgu(t,z) = f(t,) on the set (a,b] x Q.

Here, Q is an open, bounded set in R with a smooth boundary 9Q. To prove the existence of solutions,
we use the Fourier method, spectral properties of the Laplace operator A, on the domain 2 and basic
properties of the Kilbas—Saigo function Eq ., () (see Definition 3.4 and [19, Remark 5.1]) as well as
Mittag-LefHer function E, g(z) (see Definition 3.4 and [19, pages 42,43]).

For the solution of diffusion equations with initial data on the Euclidean space RN, N > 1, we apply
the Fourier transformation and the properties of convolution operators on RY.

2 Auxiliary results

In the present section, we expose some auxiliary results from [2, 6, 7].

Consider a Lie group {G, o} with the group operation x oy. Then on {G, o} we have a uniquely defined
Haar measure dug, the Fourier transformation Fg, the inverse Fourier transformation ]-'(_;1 and the generic
differential operators (GDOs in short) @1, ...,D,, generated by the vector fields from the corresponding
Lie algebra. We assume that G is homomorphic to the Lie group {R"™,z oy =  + y}, the dual group is
then G = R" and, using pull-back operators associated with the group homomorphism z(¢) : G — R™ and
its inverse t(z) : R™ — G, we define the Schwartz spaces of fast decaying smooth functions S(G) and its
dual space of Schwartz distributions §'(G).

More details about Lie groups can be found, e.g., in the book [10].

It is well known that the Schwartz space S(G) endowed with standard seminorms and its dual space
of Schwartz distributions S’'(G) are invariant under the Fourier transformation F and its inverse JF 1
(the operators F*! are bounded in these spaces). Therefore, for a (complex-valued) symbol a(€) from the
Schwartz space of distributions a € §'(G) = §'(R™), the associated convolution operator

W q =Fg'aFe : S(G) — S'(G)

is defined correctly. The notation zmp(é) is used for the set of functions such that the convolution operator
WS,G : Ly(G,dug) — Lp(G,dpg), 1 < p < oo, is bounded. Here, L,(G,dug), 1 < p < oo, is the
Lebesgue space of complex-valued functions with the measure dug and £(8) denotes the algebra of all
linear bounded operators on the Banach space 5. Dﬁp(@) coincides, obviously, with the classical algebra of
L,-multipliers on the Euclidean space 9, (R™). Due to Plancherel’s theorem on the isometrical isomorphism
(277)391/2]:51 : La(G) — La(G), the equality smg(@') = Loo(R™) holds: The convolution operator WL?’G is
bounded in Lo(G, dug) if and only if a € Lo (R™), and M, (R™) C Mo(R™) = Lo (R™) for all 1 < p < oo
(see [2]).
Note that mp(é) is a Banach algebra, endowed with the norm

|a| 9, (G)] == W& . |Ly(G)
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due to the following property:

W& W&, =W 0 a,beMy(G). (2.1)

~

By PC,(G) = PC,(R™) we denote the closure of the algebra of piecewise-constant functions, which
are constant on a finite set of non-intersecting open polytops (intersection of a finite number of half-spaces)
in the norm of the algebra of multipliers 9t,(R™). Due to the well-known Hérmander’s inequality

W& .a|Lp (G, duc)|| = WG o |L2(G. duc)| = sup a(€)]
£eG

(cf. [16]), functions from PCp(R™) have at most countable number of different radial limits at all points
x € R™ | J{oo}.

Let 7 € R and M (G) := {(§)"a(§) : a € M,(G)||. PC(G) is defined similarly (symbols growing with
the order r at the infinity).

For the class of matrix symbols and vector spaces, we use the same notations MM} (G), PC,(G),
Ly(G,dug), GH (G, dug) (see later).

Theorem 2.1 (see [7]). Let 1 < p < oco. For an integro-differential convolution operator Wg’a with the

symbol a € PC;(@'), there exists a kernel Ko (a distribution in general) such that the operator is written
as an integral convolution with this kernel:

W o(e) = Ka ke olx) = / Ka(z oy ow)duc, € S(G). (2.2)
G

Note that the convolution K, xg ¢ of a distribution K, € §'(G) with a function ¢ € S(G) is a correctly
defined operation.

L. Hormander proved the above theorem for the case {G,o} = {R™,+} (cf. [16]). In our case, the
theorem remains valid due to the homeomorphism of G and R"™,

Since the Lie groups G we consider are homomorphic to R™, the generic differential operators are

Dy i=Wg i, = Fg' (-i)Fa, k=1,2,....n.

The following natural question arises: which spaces are best suited to consider solvability of the
convolution integro-differential equation

W& o@) =Y D)+ Y D [ kg (woy " )DVo(y)duc(y) = f(y), (2:3)
<n Blrhl<n &

kgy € L1(G,dug), o, B,7ve NG, No:={0,1,...}, D%:=07...-05",
with symbols of polynomial growth a(&):

a€) = Y cal=i)*+ D (=) (Faksy) (), acM(G), (2.4)

lal<n 18l+lyI<n
ca €EC, €€G:=R" (—i&)* = (—i)™ - - (—i&,)*".

Here, we come to the celebrated Bessel potential spaces, but adapted to the underlying Lie group G,
and call such spaces Generic Bessel Potential Spaces (GBPS) GH, (G, dpug). Formally, they are defined as
the classical Bessel potential spaces H;(R"L but the Fourier transformation is different, associated with the
Lie group G the norm in GH; (G, dpug) is written as follows (cf. [2]):

¢ | GH(G, dua)

= WS i)t | Lp( G dpir)|
— PG (€ Feu ILy(Gduc)ll, () = (L+[¢P), sekR.
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For an integer s =m = 1,2,..., the space GH}}'(G, dug) is isomorphic to the Generic Sobolev Space
(GSS) GW(G, dug), consisting of functions with the finite norm
1/p
e |GWIH(G, due)l = | Y 9% | Ly(G,dpc)|”

lal<m

Lemma 2.2 (see [2]). Let 1 < p < o0, s,r € R. The convolution operator nga with the symbol a € 93“(;(@)
is bounded from the space GH) (G, dug) to GHy " (G, dug).

Theorem 2.3 (Mikhlin—Hérmander—Lizorkin). Let 1 < p < oo, s,r € R. If a function a(§) satisfies the
estimates
€702 a(€)] < Ma(1+ |P)7? < oo

~

foralla e NG, o] <n/2+1, a <1 (ie, a; <1,j=1,...,n), then a € M (G) and

IWE,.0|GH ™" (G, dug)| < Cpla) > fed €208 a(6)ll¢|GH} (G, dug) |
a1l

la|<n/2+1
for some constant Cp(a) < oco.

Proof. Follows from the celebrated Mikhlin-Hérmander-Lizorkin theorem on L, (R™)-multipliers (see [17,
Theorem?7.9.5]) and is proved in [7, Proposition 5]. O

~

Let W(G) be the Wiener algebra of matrix functions

W(@) = {a(©) = c+ (Fah)©)) : ke Li(G.dpa) |

and W (G) = {a(€) = (©)7a0(¢) + a0 € W(G) }.

Theorem 2.4 (cf. [2]). Let 1 < p < cc. An integro-differential convolution equation (2.3), where kg ~(x),
a(§) are N x N matriz-functions and ¢ € GH}(G,dug), f € GH,"™(G,dug) are N-vectors, is Fredholm
only if its symbol in (2.4) is elliptic

inf | det(&)”"™a(£)| > 0. (2.5)
€eG

~ ~

Moreover, if a € PCJ'(G), a € W(G), or satisfies conditions of Theorem 2.3, the ellipticity condition
(2.5) is sufficient for equation (2.3) to have a unique solution @ = W%ya,lf € GH(G,dug) for arbitrary
f € GHy ™ (G, duc).

Remark 2.5. The foregoing Theorem 2.4 holds for the operator Wg’a cH) (G, dug) — Hy (G, dug) for

arbitrary a € M (G), r,s € Rand 1 < p < 0.
Remark 2.6. Note that, due to the “Igari Paradox” (existence of a continuous elliptic symbol which is

p-multiplier, but whose inverse is not p-multiplier for p # 2; cf. [18]), ellipticity of the symbol can only be a
necessary condition for the Fredholm property in general.

Theorem 2.7 (cf. [7]). For a convolution operator W . with an elliptic symbol a € PC?(@), the inverse
operator Wg 4—1 8 a convolution operator, and ils kernel Ky is the fundamental solution for Wg o e,
W& o =9.

Now we recall results about convolution integro-differential equations on submonoids from [8, 9], a general-
ization of Wiener—Hopf equations on the half-axes.

M is called a submonoid of the Lie group G if M C G, the binary operation from G maps M to itself,
M contains the neutral element, but the inverses to a € M do not belong to M, but belongs to G.

A convolution operator on the submonoid

W,gp = (rmaWe yla)e, g € Mp(R), supp ¢ € M, (2.6)
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represents the restriction of the convolution operator from the Lie group G to M: rps is the restriction of
functions from G to M and ¢ps is the extension by 0 of functions from M to G (the right inverse to rps).
For Way 4, the property (cf. [6])

Wz Wz n=Wzgn, g,h€M(R), (2.7)

holds, in contrast to (2.1), if either g(€) has an analytic extension g(z) in the lower half-plane Re z < 0, or
h(§) has the analytic extension h(z) in the upper half plane Re z > 0.
To consider convolution integro-differential equations on a submonoid M = (0, 1] of dimension 1,

n m

Warab(e) i= 3 eD'ole) + Y0 D7 [ hulooy D vts)dnna(s) = o), (238)
i=0 j+£=0 M
a€) =Y ci(—i&)'+ D (i) (Fahjo)(€), aeMUG), £€G:=R,
i=0 j+0=0

in the Generic Bessel Potential Space setting, we need to introduce two different spaces on submonoid M:
i. The space GH,(M,dunr) consists of functions ¢ restricted from GH, (G, dug), i-e., ¢ = rap), ¥ €
GH3 (G, dug). The norm in this space is defined as follows:

GHE (M, d = inf (aro | GH (G, d
ol GE(M.duan)l = il ear | GR3(Gdia) |

= inf W s £ L,(G,d ,
= el W tar | Ly (G )|
where the infimum is taken over all extensions {pr¢ € GHp (G, dug)-
ii. The space @ﬁ;(M, dppr) represents the closure of the subset of functions from GH (G, dug) which

have supports inside the interval [0, 1). Therefore, the embedding ¢ M@H;(M sdunr) C GH (G, dug)
holds, and the norm is defined in a natural way:

o | GHL, (M, dpns) || = 1enr¢ | GH (G dpg)ll+ = (IWE xs (ar 0| Lp(G dpg)ll-

The next Lemma 2.8 is a natural consequence of Lemma 2.2.

Lemma 2.8 (see [2]). Let1 <p < oo, s,r € R and M C G be a submonoid of a Lie group G G A convolution
operator on a submonoid Wy o with the symbol a € M7 (G’) is bounded from the space GH, (M dunr) to
GH3 " (M, dpin).

The case of convolution equations on submonoid (cf. a particular case r = m in (2.8))
s .
Wnrah =g, € GH,(M,dunr), g€ GH, " (M,dunr) (2.9)

with a symbol a € M (R) is much more delicate and complicated. We will consider the following three

cases of 1-dimensional Lie groups:

e {G.o} ={R,+} and M = [0,0), the classical Wiener—-Hopf equations (cf. [11, 12, 21, 24]);

o {G.o} ={R*, x} and M = (0, 1], the classical Mellin convolution equations (see Example 2.12 below
and [4]);

o {Go}={I=(-1,1),a0b= 1Tabb} and M = [0,1) (see Example 2.13 below and [6, 8, 9]).

In all three cases, the dual group of characters (where the symbols are defined) is homeomorphic to R.
Cases of multidimensional groups are very complicated, even for the simplest cases of submonoides in
R"”, n>1.
To formulate the main result on Fredholm property of the convolution equation (2.9), we need to define
the amended symbol. For this, we need first to lift the equation (2.9) to L,(M, dunr) space setting.
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Corollary 2.9 (see [8, 9]). The equation in (2.9) is lifted to the equivalent equation

WM,aS,Td)O = 4o, dJngO S Lp(MvdﬂM)v

NN S e A NN & S AN 1(3) (2.10)
wrl©=2(0 (£51) a0 = (551) 5

The equations in (2.9) and in (2.10) are Fredholm (are invertible) only simultaneously and, if they are
Fredholm, they have the equal indices Ind Wiy o = Ind Wy o, . in the corresponding spaces.
Moreover, the dimensions of kernels and co-kernels of these equations are equal.

Remark 2.10. Even if the symbol a(§) of the equation in (2.9) is continuous, the symbol as . (£) of the
lifted equation in (2.10) has discontinuity at infinity, provided s is not an integer:

as,r(—00) = ag,r(—00), as(+00) = a0’7_(+oo)€27rsi.

o~

To equation (2.9) with the symbol a € PC]}(G), we associate the following amended symbol (see [8, 9]):

as,r(£) ‘ if 5#01,02,...,
as,r,p(£7 77) = as,?“(ck - O)mm+(1/p+n) + as,r(ck + 0)%7
as,r(_oo)%(l/pm + a57r(00)1_0m+(2/1)m, &meR

(see Fig. 1 and Fig. 2), where as (&) is the lifted symbol in (2.10), ¢1, ca, ... are all points of discontinuities

of as,(€). It is clear that as,(—00) = ag,(—00) and as(00) = e*™aq ,.(00).
We say that the amended symbol a;(,7) is elliptic if
inf |asrp(&n)| > 0. (2.11)

£eG

a(c; —0)

a(c1 +0)

Fig. 1: Image of the amended symbol

a(cx — 0)
a(c, —0) a(+00)
a(+00)
a(cx +0)
a(—o0)

Fig. 2: Arc condition at jumps
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If the amended symbol is elliptic, we can define the integer index of the amended symbol

) 1
ind as . p = Py [arg as,r,p(§>77)](g,n)eR2

as follows: consider the increment of the argument % arg as,rp(§,m) when £ ranges through R = (—o0, 00),
from —oo to oo, between the points of discontinuities cy,ca,... and ¢g = oo of the function; at the
discontinuity point ¢; the argument 7 ranges through R, connecting as »(¢; —0) to asr(¢c; +0), j =1,2,...,
or as,r(co — 0) = ag r(00) to as,r(co + 0) = as r(—00) with arcs defined by cot w(i/p+ 1) (the line segment
when p = 2) (see Fig. 1 and Fig. 2).

Theorem 2.11 (see [8, 9]). Let 1 < p < oo, s € R. A convolution equation in the Generic Bessel Po-
tential Space setting (2.9) with the matriz symbol a € M (G) is Fredholm only if the symbol is elliptic
infgea |det a(€)| > 0.

~ ~

Ifa € PC(G) ora € W"(G) is scalar symbol, the ellipticity of the amended symbol (2.11) is necessary
and sufficient for equation (2.9) to be Fredholm.
If equation (2.9) is Fredholm, its index is

Ind Wpr o = —ind asrp
and:
=S
i. Forind as,p =0, the equation has a unique solution u € GH,, (M, dupr) for allw € GHy ™" (M, dunr);
ii. For k = —ind as,rp > 0, the equation has a solution for all w € GH;‘T(M, dupg), but the solution

is not unique and the homogeneous equation w = 0 has exactly « linearly independent solutions
UL, ..., Up € GfTH:(M,duM);

iii. For k = ind asrp > 0, the equation has a unique solution u € @ﬁ;(M,d,uM) for all those w €
GHZ_’”(M, dunt), which are orthogonal to the solutions of the dual homogeneous equation Wy gv = 0
in the dual space vy,...v, € GH;,S(G7d/L(;), p=p/(p—1).

Example 2.12 (cf. [7]). The direct product of positive half-axes R = (0,00)" is a Lie group with the

group operation & oy = (£1y1, ..., TnYn), with the dual I@_ = R" and the Haar measure dTw; e df—“. The

group Fourier transformation on R’ coincides with the Mellin transformation (see [6]), and the generic
differential operators and Generic Laplacian in R’} are

AR1:D%++D$L, D =x10,, k=1,2,...,n.

The fundamental solution of the Generic Laplacian is

ICA]R” (33) — {4177;?”(/12)2 T +21n2 xz) , - if n=2,
' W(ln 1+ +In"z,) 7 if n>2
Example 2.13 (cf. [7]). The direct product of intervals I"™ = (—1,1)" is a Lie group with the group operation
(ct. 6])
xoy:(11‘_1._21%;17"'711‘_1'_;5;1)7 fﬂ,yEIn»

with the Haar measure %g e %2*, and the generic differential operators and Generic Laplacian are
1 n

ARQZ’D%++D3 Dk:(lfi‘%)ak, k=1,2,...,n.
Then the fundamental solution of the Generic Laplacian is

o i [ 4 e it n=2,
Apn \T) i= n/2-2 2-n
i 2 L'(n/2) [;.2 1+ 2 14z, | 2
PR [ln 172 +---+1In 17&] if n> 2.
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3 Hadamard type fractional derivatives on Lie groups

As was shown in Section 2, the generic differential operators {Dy}7_, on a Lie group G are convolution
operators (cf. (2.2)),
Let us define derivatives of non-integer positive order on the Lie group as follows:

D% (x) := (W(O_ig)agp)(:r) = /ka(yc o y_l)go(y) dugy, z€G, a>0. (3.1)
0

Due to the properties of convolution operators Wg) o (cf. (2.1)-(2.2)), the Hadamard type fractional
derivatives have the following properties:

D% . GH(G,dpg) — GH,"*(G,dug) is bounded for all s € R, o > 0,
(DDVp)(x) = (D) (x), @,7>0, z€G, (3.2)
(Fa@9)(§) = (i&)*(Fap)(§), EE€R.

3.1 The modified Hadamard type fractional derivatives on the Lie group {R™,-}

As was mentioned in Section 2, the operator © = xd/dx is the generic differential operator on the Lie group
{R* .} (i.e., is a convolution operator on this group):

(0-9)(@) = pla) = (Me_pe)(x), @R, (3.30)
(D49)0) 1= |15+ 201 ole) = (Mg y0)0), 7 € (3.0
O =t 5| 600 = eyt =00 (330
(©4a)0) = [t + 81| 6(0) = Mg, ¢ € 1= (0.0, 3.5

where 77 is the restriction operator to the interval I = (0,1), Mg and Mgl are the Mellin transformation
(the Fourier transform on the group {R7,-}) and its inverse:

(Map)(€) = O/ P Y, er (3.3¢)
,1 v T
(Mg~ f)w) = 5 /ng Breyds, zeRT, 0<pB<1, (3.3f)

while fmg is the Mellin convolution operator with the symbol g:

Mpla) = My oMapla) = [ K(Z)oln) L 9(6) = Mak(). €€ R
0

Here, k(t) is the distributional Schwartz kernel of the Mallin convolution operator Dﬁg.
The modified Hadamard type derivatives of fractional order oo € R are defined as follows (see [19,
p. 111]):

(DLp)(z) = (m?igiﬁ)a¢)(m)7 z € R :=(0,00), (3.4a)
(D% 1)) = Meexpyap)(t), tel=(0,1). (3.4b)

In contrast to the fractional differential operators ¢, defined in (3.1), the operators D¢ and @iJ,
defined in (3.4a) and (3.4b), have the advantage that they are also defined for negative powers o < 0.
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Theorem 3.1. The modified Hadamard type derivatives D% and D% of fractional order a € R, defined in
(3.4a) and (3.4b), have the following forms:

o eiﬂ'a Yy —a—1 dy n
= In = — RT = .
@) = g [ (%) e L 2Rt =(0.00) (3.59)
x
) 1 L
el T\ "%~ dr
« = In — — 1= 1 .
@00 = g [ (WD) v L, ter- a1l (3.50)
t
@10 =1 [ (02) e rert =000 (3.50)
x) = n-— -, = (0,00), .
TR ) My) Ty
0
: 1
1 t\ " dr
o = In — — I = 1 .
@300 =t [ (w8) T w0 L, rer= o, (3.50)
0
and map the following spaces:
9% : GH(RY,dt/t) — GH; *(R*, dt/t), 3.5e)
D%, GH,(I,dt/t) — GHS (I, dt/t) foralls€R, a€R. (3.5f)
Proof. Let first a < —1.
To find the distributional kernel k% (t) of D% (and of D¢ ), we proceed as follows:
B0 = M5 e — )0 = o= [ el —pymag = T [ e~ igyae
T B Con 2r
eimat—B T z .
— R [ e igrde,
T
where R.p(z) := ¢(In ¢). To the obtained integral we apply Formulae [13, 3.382.7]:
ei'n'oztfﬂ
k2 (t) = ————R. [0_(t)(—z) "2 1eP?] (¢
(1) = gy e [0~ 1)
eiwa(i In t)fafl
—g Y R* -1 .
af(t) F(*Oé) , te y < ) (3 5g)
where 0_(x) and 0;(t) are, respectively, the characteristic functions of the half-axes R~ = (—o00,0) and of
the interval I = (0,1).
From (3.7) it follows (3.5a) and (3.5b) for v < —1.
To find the distributional kernel k¢ (¢) of ©¢ (and of D¢ ), we proceed as follows:
« —1/,; « 1 W&+ «@ tB & s\
k() = (Mg i+ B)*)(t) = o | 15776+ B)7dE = o [ 1%(5 +i§)"dE
5T
—or [ (g
where R,p(z) := ¢(In t). To the obtained integral we apply Formulae [13, 3.382.6]:
@ tﬁ —a—1_—Bx (ln t)_a_l
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where 6 () and (1 ) (t) are, respectively, the characteristic functions of the half axes RT = (0, 00) and of
the infinite interval (1, 00).

From (3.5h) it follows (3.5¢) and (3.5d) for v < —1.

If « > —1, we choose the integer m = 1,2,... such that —2 < a —m < 1. Since D% =D"D*" ™ we
get

O ) = o 7 ()™ o)

I'(—a+m Yy
im(atm) —atm—1 d
e —1 y Y
L gt o (2) " 0 2]
I(—a+m) x Y 1y—s
(1) i 1
eima(_1)m = d y —a+m— dy
m 2 7) ay
+F(—a+m—1)(—o¢+m—1)©* /xdm<nx w(y) Yy
e Vi 2
etmo(_1ym— . yy —atm— dy
- ) mym 1 7) ay _
F(—oz—l—m—l):D_ /(nx ) Yy
eiﬂ'a ® y —a—1 dy
- ] ,) W
T—a) /(nx e(y) e
and (3.5a), (3.5b) follow also for a > —1.
Formulae (3.5¢) and (3.5d) for a@ > —1 are proved similarly.
The mapping properties (3.5e) and (3.5f) follow from Lemma 2.2 and Lemma 2.8. O
Lemma 3.2. The modified Hadamard fractional derivatives are all invertible:
$0:%(z) = DD p(z) = p(z), z€RT, (3.6a)
LY () = 91998 9(x) = ¢(z), zel=(0,1], (3.6b)
for all o € R.
The functions (see (3.7), (3.5h))
e”a(— In t)fo‘*l (In t)f‘)‘*l
ECt)=0;t) —————— kY (t) =20 t)————, teR" —1 .
7( ) 1( ) F(—O[) ’ +( ) (1,00)( ) F(—Ct) ) S ) a < ) (3 7)

are fundamental solutions of D% and D, respectively:
Yk1%(x) =6(x) forall a €R, z€RT.

Proof. Equalities (3.6a) follow from (2.1), while equalities (3.6b) follow from (2.9), since the symbols
(i€ — ﬂ)io‘ of the operators DT have the analytic extension in the upper half-plane Im¢ > 0, and the
symbols (i€ + B)T® of the (operators i)f)‘ have the analytic extension in the lower half plane Im ¢ < 0.
Since k1 are the kernels of the inverse operators ®1“ to ©%, the concluding part of the lemma on
fundamental solutions follows directly from Theorem 2.4. O

Due to (2.1) and (2.6), the modified Hadamard type fractional derivatives have the following properties:

(DEDLp)(@) = (@ o) (@), (@D,0L W) = @LY)(®), DL =21, =1,
(MpDLp) (&) = (I £B)*(Mpp)(), a,vyeR, E€R, zeRT, tel
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For the following integro-differential (pseudodifferential, convolution) equations with the modified
Hadamard type fractional differential operators

m

Worapl): = 3 eDs e+ Y DY, / (D) premT =i 69

i=0 Jj+£=0
CjE(C, Oéj,ﬂj,’}/jER, k‘jeELl(G,dt/t), ]7520,...777/
¢ € GH, (M, dt/t, feGH;"(M,dt/t) (3.9)

with symbols of power growth at the infinity

n n

ax(€) =Y (i€ £B)™ + Y (i&+ BT (Fahs,)(€), a€M(G), (3.10)

i=0 wj+ve=0
geG:Ra r::max{ala"'7anawl+717"'awn+ryn}a

we have the following corollary of Theorem 2.7.

Corollary 3.3. For equations (3.8) in setting (3.9) and with the symbols ai (&) in (3.10) of order r, all
conclusions of Theorem 2.7 hold.

3.2 The Hadamard type fractional derivatives on the Lie group {Z = (—1,1),0}

The interval Z = (—1,1) is a Lie group with the group operation z oy := fi;yy (cf. (2.7)) and the generic

differential operator (cf. [6]):

©)@) = (1) D _ (W) _0)(w) = (P i Fro)w), weT.

Consider the restriction of ® to the unit subinterval I = (0,1)

@)= 1 [ = )50 ] — Wz ) = (W8 010, te

where 7y is the restriction operator to I. Fourier transformation on the group {Z, o} and its inverse are

1 i
Foe = | (”y) o)~ ceR,

J 11—y 1—vy
0o —ig
(Fr4)(@) = = (ii) U(E/2)ds. xeRY, 0<B<L,

while W% , is the convolution operator with the symbol g(&):

1

W2 o(t) = Frl gFro(t) = / k < f__xyy) ¢ (y)

dy
1—y

2
—1

9(&) = Frk(§), §€R.
Here, k(t) is the distributional Schwartz kernel of the convolution operator WIO’ g

The modified Hadamard type derivatives of fractional order o > 0 are defined as follows:
1

(D20)(x) = (WL (Ligyatp / (1 — xy) ¢() 1 iny

1
-7 dr
(8,000 = W o)) = [ Ko (1) 6() 1205, @€ T=(-L1), 1€ 1= (0.1)
0
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Due to (2.1) and (2.6), the modified Hadamard type fractional derivatives have the following properties:

(92970)(x) = (P p)(@),  (FrDF9)(€) = (i€ — B)*(Fro)(€), a,7 R, (R, z e RT.
Let us conclude this section by the following definitions.

Definition 3.4. The Kilbas—Saigo function E, y, (%) is defined in [19, Remark 5.1] as follows:

oo

. Tlajm+1)+1)
Eami(2)=) e, =1 &= H?zér(a(jm +i+D)+1)" 7T
k=0

where m =1,2,3,...,1=-1,0,1,..., a € (0,1).

Theorem 3.5 (see [1, Theorem 2, Remark 4]). Let0 < a <1, m >0, x > 0. The function Eq m (2), z € C,
is an entire function, Eq m (—x), x > 0, is uniformly bounded and

Ea,m,é(_$) =0 ($_1) as x — 00.

Definition 3.6. The Mittag-LefHler function E, g(z) is defined as follows:

oo
kZ,OFO‘k‘*‘B a,e€C, Rea>0.

Lemma 3.7 (see [19, pp. 42, 43]). The function E, g(z), z € C, is entire and has the derivatives

d\" "
(dz) Eo5(2) = nlE) :gi_om(z) n=12....

Moreover, Eq g(—x) and its derivatives are uniformly bounded for 0 < a < 2, x > 0, and have the following
asymptotics:

4 Time-fractional diffusion equations

4.1 Cauchy problem for D¢, — A\(t — a)’A, on the domain R} x RY

Let A, be the Laplace operator on R and let D¢ ; be the modified Hadamard type fractional derivative
of order a € R on the infinite interval R} := (a, 00) for some a > 0, defined in (3.3a) and (3.5c¢).

Theorem 4.1. Let 1l < a<2,v>—{a}, A€R, 1 <p< oo, se€R. Then the Cauchy problem for the
time-fractional diffusion equation

{ DG qu(t,z) — At —a)YAzu(t,x) =0, @)

@7 'w)(0,2) = g(z), (D7u)(0,2) =h(z), teRf, xRN,
2—«
(logé) we (CRSE ®RY)), g.heH(RY),

has a unique solution of the form

(log ﬁ)a_l —izE~ 2 Ly
u(t,z) = W /6 g(g)Ea,l-Q—%,l-i-%l (A|€| (log E) )d€
RN
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(10g$>a_2 —mfﬁ \ ) | £\ .
+W/e OFq 142 14220 (‘ i (Og;) ) ¢

RN
(log )"

Na—1)

(log %)QA 0
= W]RN,&(t,-)g(t’x) +

0
F(Oé) WRN,EQ(t,-)h(t7 l’), (42)

where Ea71+%71+%1(z) is the Kilbas—Saigo function (see Definition 3.4) and
2 e 7 i€
Ee(t,€) = Ey 1y a pazn | A (log ;) k=12, g(§= /e“ g(s)ds. (4.3)
RN

Proof. Applying the Fourier transformation in x to problem (4.1) we obtain the following equivalent Cauchy
problem with the parameter:

{ 0% (1, + €2(t — a)T(1,) = O
(D5,"0)(0,6) = (&), (D7 0)(0,6) =h(€), t>a, &RV
According to [19, Example 4.16, p. 237], problem (4.1) has the following solution:

36 (log £)*
[(a)
Applying the inverse Fourier transformation, we get solution (4.2) of problem (4.1).

To prove the inclusion (log %)aﬂ u € C(RS;H*(RY)), note that the symbols &£ (¢,€) and Ex(t, &) in
(4.3) are uniformly bounded functions of the variable £ (see Theorem 3.5). Then the operators Wﬂg N gt
k = 1,2, are bounded in the space H*(RY) = H§(RY) for all s € R.

About the uniqueness of a solution: If the Cauchy problem (4.1) has two solutions w1 (¢, z) and ua(t, x),

7€) (log £)*7?

Ta—1) 2®9:

ﬁ(t’g) = gl(tvg) +

their difference u(t, x) = u1 (¢, ) — ua(t, z) solves the same problem (4.1), but with the vanishing Cauchy
data g(x) = 0 and h(z) = 0. Then from the solution formula (4.2) it follows that u(t,2) = 0. Therefore,
u1(t,x) = ua(t,x), and the Cauchy problem (4.1) has a unique solution. O

4.2 Cauchy problem for D%, — (log £)" A, on the domain R} x

Let © C RY be a domain with the smooth boundary S = 99, A, be the Laplace operator and let g be
the modified Hadamard type fractional derivative of order o > 0, defined in (3.3a), (3.5¢).

Theorem 4.2. Let 0 <a<1,y>—a, A€R, 1 <p<oo, s€R. Let Q C RN be a compact domain with
the smooth boundary S := 02. Then the Cauchy problem for the time-fractional diffusion equation

D% qult,z) — (log %)V Azu(t,z) =0,

@O w)ar) = gla), teRE, we (14
wlt,w)=0, teRy, wedq,

t 11—«
g€ La(Q), <log 5) u € C(RY; Lo(RV)),

for arbitrary € > 0, has a unique solution of the form

t a—1 9k t Y+ao
u(t,x) = (log E) 2 @Ea,H%,H”T’I (—/\k (log ;) ) er(z), (4.5)
where Ea,1+%,1+w771(z) is the Kilbas—Saigo function (see Definition 3.4), M1, A, ... are the eigenvalues of
the Laplacian Ay on the domain Q, e1(x),ea(x),... are the corresponding eigenfunctions and

gr = /ek(y)g(y)dy7 keN:=1,2,.... (4.6)
Q
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This solution has the following decay at infinity (0 < m1 < M; < 00):

(10 £)2(a 1)
I2(a) (14 A (log £)*™)

[l (£, ) L) < sl9lL. (o) - (4.7)

Proof. Since g € L2(Q2) and the eigenfunctions {ej}ren of the Laplacian form an orthonormal basis in
L2(©), the functions u(t,z) and g(z) have the expansions

u(t,z) =Y ug(ter(x), g(@)=> guer(r), teRS, weQ, (4.8)

where gj are defined in (4.6).

Substituting (4.8) into (4.4), we get the following system of Cauchy problems for the unknown functions
U (t):
{ DY yur(t) + Ak (log é) ) =0, teRT, (4.9)

(®+t Uk)( )—glw k=1,2,.

According to [19, Example 4.15, p. 237], problem (4.9) has the following solution:

t a—1 t vtao
ug(t) = % <10g a) Ea71+%7—yT—1 <_)\k (log E) ) . (4.10)

Solution (4.5) of problem (4.4) is now obtained by inserting expressions for uy(¢) from (4.10) into (4.8).

To prove the inclusions uq(t,z) = (logg)lia u(t,z) € C(RF;La(R)), we note that the function
Ea71+%777—1( — Ak (10g£)7+a) < 1 is uniformly bounded by 1 (see Theorem 3.5) and, applying the
Parseval’s identity, from (4.5), we derive

gk |2 E\YT |2 2
fgpllua( Ny = SHPZFQ(Q‘ a1+g,vT—1(—Ak(10gg) )‘ llew (@)L, @)

|g;€\2 ||9H]L2(Q)
< = .
h Z M)  TI?*(a)

About the uniqueness of a solution: If the Cauchy problem (4.1) has two solutions wu; (¢, ) and us (¢, z),
their difference u(t, z) = uq (¢, z) — ua(t, «) solves the same problem (4.4), but with the vanishing Cauchy
condition g(z) = 0. But then g1 = g2 = - - = 0 and from the solution formula (4.5) it follows that u(¢, z) = 0.
Therefore, u; (¢, x) = ua(t,z) and the Cauchy problem (4.4) has the unique solution.

To prove estimate (4.7), we proceed as follows: It is known that the eigenvalues Ay of Dirichlet—Laplacian
do not decrease, that is, 0 < Ay < Ao < -+ < A < -+ 7 400. Then, for the solution u, we have the

following estimate:
£\
IREEREE (A’“ (log g) >

£y 2(a—1) ‘9k|2
<(os) S
+1 a+y 2
a o1 D2 (e )(1+ F(0517+)1))‘ (log %) )

2

lexlI?

2 t
e t.) 12,0 < (108 )

2
M)\l(logg)wm)? kgl'(bk‘

) ||9HIL2(Q)7

™)

and the proof is complete. O

—
[\v]
£
—~
—
+
>
=
—
Qe+



DE GRUYTER R. Duduchava and A. Smadiyeva, Fractional DEs on Lie groups and submonoids == 15

4.3 Cauchy problem for ©% , — A\(t —a)”A, on the set (a,b] x RY

Let A, be the Laplace operator on RY and D¢ be the modified Hadamard type fractional derivative of
order « € R on the infinite interval R} := (a, o0) for some a > 0, defined in (3.3a) and (3.5¢).

Theorem 4.3. Letm—1<a<m,m=1,2,...,v>—{a}, \eéR, 1 <p< oo, s €R. Then the Cauchy
problem for the time-fractional diffusion equation

{ DG qult,z) — At —a)YAzu(t,z) =0, te(ab], ze€ RN, (411)
(Q(j—,_tku)(ovx) :gk(m)> 9k GHS(RN)a k= 1,27...,77’1,
(t —a)™ *u € C((a,b; H*(RY)),
has a unique solution of the form
ultr) =3 LZ T g op L (MR- ay o) de
’ MNa—k—1) o1+ 1+
k=1 BN
m
(t —a)—k
= Z F(CM —k— 1) (W]R?N,gk(t).)gk)(tvx)a (412)
k=1
where E_ |, 5 1. -k (2) is the Kilbas-Saigo function (see Definition 3.4) and
Eu(t.) = Bz gyt (SNEPE - 7). 30 = [ e*glo)as. (413)

RN

Proof. Applying the Fourier transformation in z to problem (4.11), we obtain the following equivalent
Cauchy problem with the parameter:

{ DY ult, €) + €7 (t — a)u(t, §) = 0, w1
@ 0)(0,6) =gi(), k=1,2....m, te(ab], RN
According to [19, Example 4.4, p. 227], problem (4.14) has the following solution:

(x k

e =Y Ft‘“ o= b MO Pa sz asazt (FNEPE—a™).

Applying the inverse Fourier transformation, we obtain solution (4.12) of problem (4.11).
To prove the inclusion (t — a)™ “u € C((a, b];IHI;(IE&J\'))7 we note that the symbols €1 (t,&),...,En(t,€)

in (4.13) are uniformly bounded in & (see Theorem 3.5). Then the operators WRN Ex ()’ k=1,...,m, are
bounded in the space H*(RY) for arbitrary s € R.
The uniqueness of the solution is proved as in Theorem 4.1. O

4.4 Cauchy problem for © , — \(t — a)”A, on the domain (a,b] x (2

Let © C RY be a domain with the smooth boundary S = 99, A, be the Laplace operator and let D¢+ be
the modified Hadamard type fractional derivative of order a > 0, defined in (3.3b), (3.5¢).

Theorem 4.4. Letm—1<a<m,vy>—{a},m=1,2,..., \€R. Let © C RY be a compact domain with

the smooth boundary S := 00. Then the Cauchy problem for the time-fractional diffusion equation
D¢ qult,z) = At —a)’Azu(t,z) =0, te(a,b], z€Q,
(4.15)

@/ w)(0.2) = gj(x), j=1....m,
gj € LQ(Q)v j=1...,m, (t - a)mfau € C((a: bLLQ(Q)):
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for arbitrary € > 0, has a unique solution of the form

m [ee]
_ —j 9ik _ +
=SS B (MO e,
j=1 k=1
where Ea’lJr%’lJr%j (2) is the Kilbas—Saigo function (see Definition 3.4), A1, Mo, ... are the eigenvalues of
the Laplacian Ay on the domain Q, e1(x),ea(x),... are the corresponding eigenfunctions and

gy = / ex)g;Wdy, j=1.2....m, keN. (4.17)
Q

This solution has the following decay at infinity:

2(a—j)
lu (8, o) < (lea)awzm(a)j 193 0 (4.18)

Proof. Since g; € La(§2) and the eigenfunctions {ej}ren of the Laplacian form an orthonormal basis in
L2(£2), the functions u(t,z) and g;(x) have the expansions

oo (oo}
x) = Zuk(t)ek(x), gj(z) = Zgjkek(m), j=1,...,m, te€(ab], zeqQ,
k=1 k=1

where g, are defined in (4.17).
Substituting (4.19) into (4.15), we get the following infinite system of Cauchy problems for the unknown
functions wuy, (t):

{ Di,tuk(t) + A\t —a) ug(t) =0, te (a,b]), (4.19)
@7 ur)(@) =gjr, j=1,....,m, k=1,2,....
According to [19, Example 4.4, p. 227], problem (4.19) has the following solution:
- (=) E by THa 4.20
Zp 1)9J’€ a,1+2,14+24 J(_ k(t—a) ) (4.20)

j=1

Solution (4.16) of problem (4.15) is now obtained by inserting expressions of uy(t) from (4.20) into
(4.19).

To prove the inclusions uq (¢, z) = (t — a)™ " “u(t,x) € C((a,b];L2(2)), we note that the functions
E, 142,28 ( ARt — a)'“‘o‘) < 1 are uniformly bounded by 1 (see Theorem 3.5) and, applying Parseval’s
identity, from (4.16) we derive:

(t — a)?(m—7) N
sup (1) ) = supzrz(a - Z|gjk| 1By 2,200 el = ) e (@) 12,

m 2(m i) 22 )
Z Z 9] ZM 19512 02
j=1
(b—a)2(m 7) )
M, =~—"7 =1,... .
] FQ(a—j— 1)’ .] ) ’m

The uniqueness of the solution is proved as in Theorem 4.2.
To prove estimates (4.18), we proceed as follows: It is known that the eigenvalues Ay of Dirichlet—
Laplacian do not decrease, that is, 0 < A\ < g < -+ < A\ < -+ 7 +00. Then, for the solution u, we have
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the following estimate:

m
t — q)2(e=7) N
I(‘2(a ) 1) Z|9Jk‘ ‘ a,14+2,24 ( )‘k(t_a) -M)‘ ||€k||JL2 Q)

~ (t —a)*D |gjn|?
S Z 2 7 Z 2
r (a —-J—- 1) k=1 (1 + F( ("/+1) )>\k( a)OH-’Y)

lu (t,) I, () <

a+vy+1

1 " (t—a) 2(a—j) 9
s D(y+1) )2 T -1 Z 3k
(1+ - ) 5=

| ™ (¢~ g)2a-d)
( ) ) lg; H]LZ(Q)a

<
(1+ M (t—a)ot7)® = T

and the proof is complete. O

4.5 Cauchy problem for D%, — AA, on the set (a,b] x RY
Let A, be the Laplace operator on RY and let C‘fo_ . be the modified Hadamard type fractional derivative
of order @ € R on the infinite interval R} := (a, 00) for some a > 0, defined in (3.3f) and (3.5d).

Theorem 4.5. Letm—1<a<m,m=1,2,.., A eR, 1 <p<oo, s€R. Then the Cauchy problem for
the time-fractional diffusion equation

DG qult,z) — Ngu(t,z) = f(t,x), te€(ab], z¢€ RN, (121)
21
(@ fu)(0,2) = gr(a),  gr €HHRY), 1<k<m,
f € C((a,b; Hy(RY)),  (t —a)™ *u € C((a, b; H},(RY)),
has a unique solution of the form
t
a8 = (w07 [, (NP 1)°) fir.©dedr
a RN
+ Z(t —a)* " / € " Eq ki1 (—AEP(E—a)®) gr(6)de
k=1 RV
t m
— /(l‘ _ t)oz—l(VVH(gN75&10‘(t,.)f)(T7 l')dT + Z a)a k(WRN T ) )(;v)7 (4,22)
a k=1

where Eq, o1 (2) is the Mittag-Leffler function (see Definition 3.6) and

Earati(t,€) = Eqa—r, (-NEP(t—a)*), (&) = / eMgy)dy, f(t,€) = / eWEf(t,y)dy.  (4.23)

RN RN

Proof. Applying the Fourier transformation in z to problem (4.21), we obtain the following equivalent
Cauchy problem with the parameter:

{ DY UL, €) + NEPu(t,€) = f(t,€),

4.24
@00, =gk(€), 1<k<m, te(ab], {eRV. 2
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According to [19, Example 4.2, p. 225], problem (4.24) has the following solution:

t

alt.€) = / (& — )% Baa [-NEP(t —7)%] Fir, €)dr

a

+Z t*a aoszfl (7>\|§|2(t7a)a)§k(§)'
k=1

By applying the inverse Fourier transformation, we get solution (4.22) of problem (4.21).

To prove the inclusion (¢ — a)™~*u € C((a, b]; ]HI;(]RN)), note that the symbols o o—k(t, ), 0 < k <
m — 1, in (4.23) and their derivatives in £, due to Lemma 3.7, satisfy conditions of Mikhlin-Hérmander—
Lizorkin Theorem 2.3. Then the operators WRN oo n(t)? 0 < j < m—1, are bounded in the space HZ(RN)
forall s€ R and 1 < p < oo.

The uniqueness of the solution is proved as in Theorem 4.1. O

Corollary 4.6. Letm—1<a<m, m=1,2,..., AeR, 1 <p<oo, scR. If f € C"((a+¢,b; H;(RY))
for somee >0, n=1,2,... 00, then the solution u(xz,t) of the Cauchy problem (4.21) has the property
u e C™((a+e,b); HSP2(RY)).

Proof. We only need to explain that the symbols £y o—1(t,€), 0 < k < m—1, in (4.23) and their derivatives
§20¢ Ea,a—k(t, §) have the asymptotics O([¢]™ 2) as |¢] = oo and a + & < t < b. Therefore, the operators

WRN oo (1) BTC bounded in the setting HJ (RN ) — ]HIS+2(RN ) (see Mikhlin-Hérmander—Lizorkin
Theorem 2.3). O

4.6 Cauchy problem for ©¢ , — \A, on the set (a,b] x
Let © C RY be a domain with the smooth boundary S = 99, A, be the Laplace operator and let D¢ 4 be
the modified Hadamard type fractional derivative of order o > 0, defined in (3.3a), (3.5¢).

Theorem 4.7. Let m—1<a<m, m=1,2,.. ., AeR, 1<p<o0,seR and let Q C RN be a compact
domain with the smooth boundary S := 0. Then the Cauchy problem for the time-fractional diffusion

equation
{ D% ult,x) — Mgu(t,z) = f(t,x), te(ab], z€Q, (125)
@5 Fu)(0,2) = gr(z),  gr € HHQ) NLa(Q) 1<k <m,
feC(a,b],La(2)), (t—a)™ “ue C((a,b; L2(2)),
has a unique solution of the form
. t
1=3 0 [0 Eaa I 7))
= a
+ i(t —a)*k iEa,a,k (=M (t — a)®) grje;(x), (4.26)
k=1 j=1

where Eq o—1(2) is the Mittag—Leffler function (see Definition 3.6), A1, A2, ... are the eigenvalues of the
Laplacian Ay on the domain Q, e1(x),e2(x), ... are the corresponding eigenfunctions and

Gkj = /ej(y)gk(y)dy, fit) = /ej(y)f(t, y)dy, 1<k<m, jeN. (4.27)
Q

Q
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Proof. Since g, € L(2) and the eigenfunctions {e;};en of the Laplacian form an orthonormal basis in
Lo (£2), the functions u(t, ) and g (z) have the following expansions:

= uit)ej(), flta) =Y fiej(x), glz) = grje;(a), (4.28)
Jj=1 j=1 j=1

1<k<m, te(ad], zeqQ,

where gi; and f;(t) are defined in (4.27).
Substituting (4.28) into (4.25), we get the following infinite system of Cauchy problems for the unknown

functions uy;(t):
{ D’jﬁ’tu]- (t) + )\)\juj(t) = fj(t), te (a, b},

4.29
@ Fu)(a) =gy, 1<k<m, j=12.... (4.29)

According to [19, Example 4.2, p. 225], problem (4.29) has the following solution:

t

uj(t) = /(t — ) By o N (E— 7)) f(T)dT + Z(t —a)* By ak (AN (t — a)*) gr;. (4.30)

a

Solution (4.26) of problem (4.25) is now obtained by inserting expressions of u;(t) from (4.30) into
(4.28).

To prove the inclusions uq(t,x) = (t — a)™ “u(t,x) € C((a,b];L2()), we note that the functions
Eqa—k (=AM (t — a)*) < My are uniformly bounded (see Lemma 3.7) and, applying Parseval’s identity,
from (4.26) we derive

supllua(t, )IIZ, ()

t=a

< Ml(b_a)Z(nL—a) sup/ ‘/|t_7_)a l‘f(T $)‘dT d1‘+M1 —a ZHng]Lz(Q

t=>a
/|t — 7% Lar

< My(b— a)*™ =) sup
t=a

//\fm|drdx+M1 —a) Zugknb

< 1 sup (6. 0 + Z |gk|ﬁ2m>],
since
sup /|t—T VoY f (7, x)|dr| < sup\f(t x |/|t—7\“ Ydr < My sup |f(t,z)|.
t>a t>a
The uniqueness of the solution is proved as in Theorem 4.2. O
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